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This study deals with evaluation of inverse integral transforms through numerical integration. Arguments
are presented to explain that such a numerical evaluation is mathematically incorrect. In recent years, a
sudden increase has been noticed in the number of research publications in which Romberg integration is
said to have used in evaluating the inverse Fourier transforms. In this regard, even the references cited in
these papers do not support such an evaluation but suggest contrary. An immediate concern is to caution
the researchers studying the source problems in the ﬁeld of solid mechanics over the use and approval of
an erroneous numerical technique.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
The use of Romberg integration in computing the inverse
Fourier transforms appears to have increased many-fold in the
recent years. Without bothering about its mathematical validity,
this numerical technique is being used frequently by the different
research groups. The research papers from these groups are being
published by the journals of international repute. There may be
hundreds of papers published in different journals, in which this
technique has been used. I could collect only ﬁfty of them, which
are published in the international journals devoted to mechanics
of solids. They are Sharma and Kumar (1996, 1997), Kumar and
Deswal (2000, 2001), Kumar and Choudhary (2001, 2002, 2003,
2005), Kumar and Rani (2004, 2005a,b,c, 2006, 2007), Kumar and
Ailawalia (2004, 2005a,b,c,d, 2006a,b,c,d), Choudhary and Deswal
(2008), Deswal and Choudhary (2008, 2009), Kumar et al. (2002,
2003, 2004a, 2003b, 2007), Kumar and Devi (2008), Kumar and
Gupta (2008, 2009a,b,c), Kumar and Rupender (2009a,b,c), Garg
et al. (2004), Ezzat et al. (2001), Othman (2003), Sharma and
Chauhan (2001), Sharma and Chand (2005), Sharma et al. (2000,
2004, 2005, 2006, 2008a,b), and Ram et al. (2008). In most of these
references, the same procedure (as explained in section 2) is men-
tioned to numerically evaluate the inverse Fourier transforms
appearing in the theoretical derivations there. However, in some
of the papers (for example, Kumar and Rupender, 2009b), the ref-
erence of an earlier publication (for example, Sharma and Kumar,
1997) has been used to mention the numerical evaluation of these
transforms. The major and current concern is the frequency of
using this erroneous technique in the recent years. Moreover, withll rights reserved.the publication of relevant papers in many reputed journals, a
wrong technique is getting authentication as well as promotion.
The aim of this study is to caution the journals publishing the
papers using the erroneous application of Romberg integration in
solving the integral transforms. In these papers, the integrands of
the relevant integrals are found to be having branch points and sin-
gularities at unknown places between the limits of integration. It is
discussed that Romberg integration may not be able to handle such
an improper integral. The author-pair Kumar and Ailawalia have
used this technique in at least nine papers. So one of their papers,
i.e. Kumar and Ailawalia (2006c), is chosen to explain the doubts
arising over the use of this numerical technique in solving integral
transforms. Hereafter, this paper is referred to as paper-A.
2. Integral transforms
In the paper-A, authors claim to have used the Romberg integra-
tion to compute the inverse Fourier transforms for the calculation
of displacements and stresses in micropolar thermoelastic med-
ium. In this paper, Eqs. (19) and (20) deﬁne use of the Laplace
transform and Fourier transform. These transforms enable to calcu-
late the displacement and stress in micropolar thermoelastic med-
ium as functions of space co-ordinates ðx; yÞ and time ðtÞ. Each
component of displacement or stress is calculated as a function
f ðx; y; tÞ; which is obtained from the inverse Laplace transform of
f ðx; y; pÞ. These two functions are related as follows:




eptf ðx; y;pÞdp; ð1Þ
which is similar to the Eq. (63) of paper-A with gðtÞ and gðpÞ used
for f ðx; y; tÞ and f ðx; y;pÞ, respectively. Inverse Fourier transform in
Eq. (62) of this paper is written as follows:









fcosðnxÞfe  ı sinðnxÞfogdn; ð2Þ
where fe and fo denote even and odd parts of function ~f ðn; y;pÞ,
respectively. Using the procedure proposed by Dubner and Abate
(1968) and modiﬁed by Honig and Hirdes (1984), the expression
(1), given above, is approximated as {cf. Eqs. (65)–(69) in paper-A}
f ðx; y; tÞ ¼ gNðx; y; tÞ  e2CLgN0 ðx; y;2Lþ tÞ;






Ck; 0 6 t 6 2L; ð3Þ
where N0 < N are integer values and Ck ¼ 1L ectRe½eıkpt=Lf ðx; y;Cþ
ıkp=LÞ.
The function values f ðx; y;C þ ıkp=LÞ constituting Ck’s are to be
obtained from the inverse Fourier transforms of ~f ðn; y; pÞ, at
p ¼ C þ ıkp=L, as speciﬁed by the relation (2) above.
2.1. Evaluation of transforms
‘‘The last step is to evaluate the integral in Eq. (61). The method
for evaluating this integral by Press et al. (1986) which involves the
use of Romberg’s integration with adaptive step size. (next sen-
tence is just the description of Romberg method).” This text on
page 2770 of paper-A explains the procedure of the numerical
evaluation of inverse Fourier transforms. Almost similar paragraph
can be found in most of the papers (authored by R. Kumar or S.
Chaudhary or S. Deswal or A. Miglani or P. Ailawalia or J.N. Sharma
or M. Ezzat and their co-workers) solving the Fourier transforms
numerically.
Another relevant text on the evaluation of inverse Fourier trans-
forms in Ewing et al. (1957) is expressed as follows:
(a) these integrals cannot be evaluated by direct integration and
evaluation by numerical integration is exceedingly difﬁcult
(p. 44);
(b) contour integration is applied to solve these integrals keep-
ing in check the branch points existing in the integrands due
to the presence of radicals. The presence of branch points
requires that the integrand be made uniform function before
applying any appropriate procedure (p. 44);
(c) the singularities in the path of integration are displaced by
proper assumptions on the variable of integration (p. 47);
(d) the solution is expressed as a sum of residues of the inte-
grands corresponding to poles given by the roots of Ray-
leigh’s function appearing in the denominator of integrand
and the integrals along branch lines (p. 48);
(e) to calculate the disturbance at short distances, the Method
of Steepest Descent (p. 365) is applied to evaluate these inte-
grals (p. 59).
From the point (a) above, one can sense that an eminent re-
searcher like Maurice Ewing and his equally eminent co-workers
were ﬁnding numerical evaluation of integrals (in inverse Fourier
transforms) exceedingly difﬁcult. On the other hand, this exceed-
ingly difﬁcult numerical procedure have such a simple alternative
(as claimed in paper-A) that can be explained in a single sentence
without any mention of improper integral or singularity or branch
point. I guess, it should be a breakthrough. It surprises more when
a good numbers of studies (Sharma and Kumar, 1997; Ezzat et al.,
2001; Garg et al., 2004; Kumar and Ailawalia, 2004, and many
more) use the same technique in inverting the Fourier transforms
even in the problems of wave propagation in elastic plates, where
there are inﬁnite number of singularities (waveguide modes).Whatever be the truth, but in no way, it can be possible to imag-
ine that Maurice Ewing and co-workers were not aware of a stan-
dard procedure like Romberg integration. Then, it certainly
provides a reason to doubt any simple procedure used to solve
these integrals.
2.2. Romberg method for improper integrals
In the electronic literature one can ﬁnd the following text on a
website ‘http://tcllib.sourceforge.net/doc/romberg.html’.
Romberg integration process will be well-behaved only if the
function is analytic over the region of integration; there may be
removable singularities at either end of the region provided that
the limit of the function (and of all its derivatives) exists as the
ends are approached. This process will either fail to converge or
else return incorrect error estimates if the function, or any of its
derivatives, has a singularity anywhere in the region (except the
ends) of integration. Romberg integration is also useful for inte-
grating functions over half-inﬁnite intervals or functions that have
singularities. The trick is to make a change of variable to eliminate
the singularity, and to put the singularity at one end or the other of
the region of integration.
At the extreme, if it is assumed that the relevant integrand in (2)
have no singularity for n in its inﬁnite domain, then such a quantity
may be approximated by a polynomial (or power series) in that do-
main. Then each part of the rightmost integral in Eq. (2) will result
into the series of impossible integrals (page 135 of Press et al.
(1992)). Then no amount of algorithmic manipulation will return
a meaningful answer to this problem. So to evaluate these impro-
per integrals, singularities must be there in between the limits of
integration. Then, the reference of Press et al. (1992), (earlier edi-
tion is cited as Press et al. (1986) in paper-A), for the use of Rom-
berg integration in solving the improper integrals has the following
matter to obey. According to the section 4.4 of this book (i.e. p.
135), Romberg integration can solve an improper integral if it is
improper due to one or more of the following problems:
1. Its integrand goes to ﬁnite limiting value at ﬁnite upper and
lower limits, but cannot be evaluated right on one of those
limits.
2. Its upper limit is 1, or its lower limit is 1.
3. It has an integrable singularity at either limit.
4. It has an integrable singularity at a known place between upper
and lower limits.
Integrable singularity is identiﬁed as a singularity which can be
removed with the change of variable. For example x ¼ 0 is an inte-
grable singularity for the integral
R 1
0 x
1=2dx. Hence, from page 137
of this book (Press et al., 1992), the basic tricks that enable Rom-
berg integration to solve an improper integral are (i) to make a
change of variables to eliminate singularity; (ii) to map an inﬁnite
range of integration to a ﬁnite one. In case the integral has an inte-
grable singularity at an unknown place between upper and lower
limits, the problem can only be handled by the use of a variable
stepsize differential equation integration routine.
2.3. Solving transforms as integrals
Let us explore the reference (Press et al., 1992) in this regard
and ﬁnd the following matter:
On page 124, it is written that ‘‘some integrals related to Fourier
transforms can be calculated using the fast Fourier transform (FFT)
algorithm”.
On page 583 of the chapter on Fast Fourier Transform in the
book, it is mentioned that ‘‘calculating Fourier transforms when
any range of integration is inﬁnite are tricky. It is done by splitting
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along it. The integration over the ﬁnite part of the interval is done
through the discrete Fourier transform”.
At no place, this book recommends to solve Fourier transforms
through Romberg (or any other) method of numerical integration.
Neither could I ﬁnd such a recommendation in any other standard
text.
2.4. Integral transforms with singularities and branches
Now look at the inverse Fourier transform as an integral
f ðx; y; pÞ ¼ 12p
Rþ1
1 e
ınx~f ðn; y; pÞdn or its alternate form in (2).
(i) This is an improper integral as limits of integration involve
1.
(ii) For any given value of p, the integrand has singularities at
the points where the concerned ~f ðn; y; pÞ becomes
unbounded. In paper-A, such a singularity may arise from
D ¼ 0 in Eqs. (31), (32) and (37). For motion in a semi-inﬁ-
nite half-space, this D is known as Rayleigh’s function and
its roots deﬁne Rayleigh type surface waves (Ewing et al.,
1957) in the medium chosen. The secular equation D ¼ 0
has four roots in isotropic elastic half-space but the number
increases (maximum 27) with the presence of anisotropy in
the medium (Taylor, 1981). Similarly, the singularities will
also be there in Eqs. (47), (48), (51) and (54)–(59) in ‘Partic-
ular cases’ section.
(iii) In addition to the above, for the complex values of
p ¼ C þ ıkp=L, the roots deﬁned by Eq. (24) in paper-A
involve square root of complex quantities (i.e., radicals)
and hence introduce branch points as n varies continuously.3. Concluding remarks
From the previous sections, it is clear that Romberg integration
cannot evaluate the inverse Fourier transforms appearing in paper-
A unless (i) locations of all the singularities are known; (ii) all these
singularities are integrable; (iii) branch points are identiﬁed to de-
ﬁne the branch line integrals with (single-valued) uniform func-
tions as integrands. But, the fact remains that 48 ﬁgures are
plotted in the paper-A to display the distribution of displacements,
temperature and stresses. Obviously, there will be some computer
program to generate a huge data required for these ﬁgures. Cer-
tainly, a special trick may have been used in computing the inverse
Fourier transforms. Hence, only the computer program used by the
authors may be able to explain this hidden trick. Regret, the refer-
ence (Press et al., 1992) cited in this regard fails to indicate such a
prized trick.
What is being evaluated in the computer programs and exhib-
ited in the plots in all the papers using this numerical technique?
This is not only a question but a big mystery. I wonder if this could
ever be known. Finally, if it could be possible to evaluate the im-
proper integrals in these papers using Romberg integration and
without bothering about branch points and singularities then it
may not be possible to ﬁnd an integral which is not integrable.
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